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Quantum Error-Correction I

General scheme

environment -
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Basic requirement
knowledgeabout the interaction betweenthe systemand the environment

Common assumptions
no initial entanglementbetweensystemand environment

local or uncarelatederras, i. e., only a few qubits are disturbed
=) CSScodes,stabilizercodes

interaction with symmetry
=) decoherencdree subspaces/subsystems
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Quantum Error-Correction Codes'

CSScodes, stabilizercodes[Calderbank Gottesman,Rains,Sha, Sloane,Steane]
basedon classicalerrar-caorrecting codes

Constructions

non-additivecodes[Rainset al. 97]
a non-additivecode C = ((5; 6; 2)) exists,but no stabilizercode

Cli ord codes[Knill 96, Klappenecler & Retteler 01]
generalizingstabilizercodes

Algorithms

guantum circuits for encaling & syndromecomputation
\easy" for CSScodes,for additive codes[Cleve& Gottesmann97, GrasslO1]

various algaithms for cyclic codes[Grasslet al. 99, Grassl& Beth 99]

encaling basedon interaction graphs[Schlingemanrn& Werner01]
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Encoder Based on Quantum Shift-registers I

R R N Nin
gggz?gggz?gggz?gggg?

Encader for the quantum Reed-Solomortode [[21; 3; 5]] usingquantum shift registersfor the
multiplicationby g(X) = X + Landg? = X3+ X2+ 2X + 1.

/

Markus Grassl| The Mathematical SciencesReseach Institute/lAKS o Universitat Karlsruhe



\

Graph Codes'

alphatet A = 7' of size = jAj= p"

The ingredients:

weightedundirectedgraph on k + n nodes

symmetricbichaacter onA A

De nition: A graphcode is spannedby the vectas

1 Xk -
jXi = p— (zizy) ' Jyi;
y2N i =1
<]

wherex 2 AK andz= x+y2 A A",

kyr n
for qubits: (zi;z;) ' coresmpndsto the phasedueto couplings

i =1
i<j

(1)

z

()
V4
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Graph Codes and Stabilizer Codes'

[Schlingemann& Werner; Grassl,Klappenecler & Retteler]

\=) " Eachgraphcode is a stabilizercode.

Example:
The graph code carespondingto the wheelW;

0 1
0|1 1111 1 1
10 1 0 0 0 0 1
1/1 0 1 00 0 0

B 1l0o 1010 0 0

""" B 1]l0 01010 o0

110 001010
110 0 0 0 1 0 1
1/1 0 00 0 1 0

is a [[7; 1, 3]] stabilizercode (which is not GF (4)-linea).
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Graph Codes and Stabilizer Codes (contd.) I

~

\( =" Eachstabilizercode over  carespmpndsto a graphcode (but the graphis not unique).

Example:
The CSScode [7; 1; 3] yieldsto non-isomophic graphs

e =
R

=) alternativeinteraction graphsfor the encaling
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Fault Tolerant Quantum Computing I

seee.g. [Aharonov & Ben-Or, Knill & La amme, Preskill, Steane]
encoded operations: map codewords to codewords

preventspreadingof errass

—
'S
U1 5 Us
Up =
B —Up
Un N U,
Y4
(&)
ke
@)
Uar-
local operations transversaloperations

fault tolerant operationsalsofor errar carrection
=) requiressupplyof \fresh qubits" and
fault tolerant prepaation/testing of states
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many levelsof erra carrection

=)

(parallel) operatlonsm.eachlevel § 10 4{10 3 [Steane0?]
=) newerras dueto imperfect gates !

Concatenated Codes'

Knill et al., Resilient quantum computation 377
h=2

h=1

Z7IN\S~

71NN~

A S

—7INS~

7INSN

7N~ 77NSS

Error probability

C"2 C3" 4

Figure 7. Concatenation of the sewen-bit code. If the error rate is for the qubits, the encading
will givesarate of C2 ' 2 for the hth level of the hierarchy.

9

% threshold for the
errar probability & gate erras
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Decoherence Free Subspaces/Subsystems (DFS) I

seee.g. [Zanadi & Rasetti97; Lidar; Knill] and many more

alsocalled:noiselessubspaces/subsystempassiveerra-carrection, erra-avoidingcodes

Main idea: \Correct erras befae they occur”

j lsys — system | ——

3-Q3-& J Tsys

known interaction (Hamiltonian)

decompsition of the interaction algelva A and the Hilbert spaceH

M M
A= n, M(dj; ) H = nj di

j j
irreduciblecomponentsof dimensiond; and multiplicity n;

=) for dj = 1 existsan decoherencdree subspaceof dimensionn;
(for dj > 1 decoherencéree subsystem)

Problem: requiresnon-trivial symmetryof the interaction
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DFS: Fault Tolerant Operations'

operationsin the algelra

M
AOZ M (nj . ) d;
j
commutewith the interaction algelya
M
A = n, M(dj; )

=) thoseoperationspreservethe DFS

For somemodels, universalcomputationis possiblebasedon the exchangeHamiltonian or
other two-qubit interactions(seee.g. [Kempe et al. 00, DiVincenzoet al. 00]).

but: entanglinggatesrequirein generalan embedding
DFS DFS DBFS

=) larger OFS basedon evenmore symmetry
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DFS: Further Aspects'
Collective Decoherence

the interaction algebra is invariant under particle permutations
\the bath cannotdistinguishbetweenthe particles"

=) highly symmetricinteraction

Problem: in general,lack of symmetryyieldsmultiplicity n; = 1
=) simulationof an e ective interaction Hamiltonian:
apply (fast) local operations

Problem: not robust againstgate erras
(e.g. the exchangdanteractionsmust be ableto addressndividual particles)
=) combinationwith active QECC

using DFS as single\qudits" for a QECC(e.g. [Lidar et al. 98])
embeddingan active QECCinto a DFS (e.g. [Plenioet al. 97, Alber et al. 01])
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Jump Codes'

(cf. Alber et al., PRL vol. 86, no. 19, pp. 4402{4405,May 7, 2001, quant-ph/0103042

Quantum jump ju — jli
Q “emission of e.g. photons

0 — 8 o

E ective Hamiltonian (no jump, but monitoring)

X Y
He = i~ jli Hj U, ()=  exp( t jli hij)
=1 =1

=) decoherencdree subspacgDFS): constantnumber of excitedstatesj1i

additionally: carect erras dueto detectedquantumjumps i. e.,
erras at known positions(classicalsideinformation)
=) \quantum erasurechannel"
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QECC: Possible Directions to Proceed'

Higher dimensional subsystems
individual quantum systemsare not only two-dimensional
generalizationof stabilizercodes[Rains99, Ashiknmin& Knill 2001]
for large alphalets, quantum MDS codesexist[Rains99, Schlingemanr& Werner01]

Re ned error models
nd systemswherelocal/collective erras are dominant
useadditional sideinformation [Grasslet al. 96, Gregaatti & Werner02]

imposesymmetriegZanadi 98, Viola et al. 00]

Optimize both QECC & algorithms
(nea) optimal codesfor small systems
better methaods of fault tolerant errar carrection (e.g. [Steane02])

robust algaithms (e. g. approximative Fourier transfam)
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