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Quantum Error-Correction

General scheme
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Basic requirement
knowledgeabout the interaction betweenthe systemand the environment

Common assumptions

� no initial entanglementbetweensystemand environment

� local or uncorrelatederrors, i. e., only a few qubits are disturbed
=) CSScodes,stabilizercodes

� interaction with symmetry
=) decoherencefree subspaces/subsystems
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Quantum Error-Correction Codes

Constructions

� CSScodes,stabilizercodes[Calderbank,Gottesman,Rains,Shor, Sloane,Steane]
basedon classicalerror-correcting codes

� non-additivecodes[Rainset al. 97]
a non-additivecode C = ((5; 6; 2)) exists,but no stabilizercode

� Cli�o rd codes[Knill 96, Klappenecker & R•otteler 01]
generalizingstabilizercodes

Algorithms

� quantum circuits for encoding & syndromecomputation
\easy" for CSScodes,for additivecodes[Cleve& Gottesmann97, Grassl01]

� various algorithms for cyclic codes[Grasslet al. 99, Grassl& Beth 99]

� encoding basedon interaction graphs[Schlingemann& Werner01]
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Encoder Based on Quantum Shift-registers

j 0i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j � i

���
�

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

j 0 i

H

H

H

H

H

H

H

H

H

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

�

�

�

c
c
c

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

�

�

�

c
c
c

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
��

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

A
A
A

�

�

�

c
c
c

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

�

�

�

cc
c

c
c
c

c
c

c

c
c

c
c
c

c

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

�

�

�

cc
c

c
c
c

c
c

c

c
c

c
c
c

c

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

�

�

�

cc
c

c
c
c

c
c

c

c
c

c
c
c

c

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
��

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

@
@

@

�

�

�

cc
c

c
c
c

c
c

c

c
c

c
c
c

c

Encoder for the quantum Reed-Solomoncode [[21; 3; 5]] usingquantum shift registersfor the
multiplication by ~g(X ) = X + 1 and g? = � X 3 + X 2 + � 2X + 1.
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Graph Codes

The ingredients:

� alphabet A =

� m
p of size� := jAj = pm

� weightedundirectedgraph � on k + n nodes

� symmetricbicharacter � on A � A

De�nition: A graphcode is spannedby the vectors

jxi =
1

p
� n

X

y2 N

� k+ nY

i;j =1
i<j

� (zi ; zj )� ij

�
jyi ;

wherex 2 Ak and z = x + y 2 Ak � An .

for qubits:
k+ nY

i;j =1
i<j

� (zi ; zj )� ij correspondsto the phasedue to couplings� ( i )
z � ( j )

z
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Graph Codes and Stabilizer Codes

[Schlingemann& Werner;Grassl,Klappenecker & R•otteler]

\ =) " Eachgraphcode is a stabilizercode.

Example:
The graphcode correspondingto the wheelW7

� W 7 =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

0 1 1 1 1 1 1 1

1 0 1 0 0 0 0 1

1 1 0 1 0 0 0 0

1 0 1 0 1 0 0 0

1 0 0 1 0 1 0 0

1 0 0 0 1 0 1 0

1 0 0 0 0 1 0 1

1 1 0 0 0 0 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
A

is a [[7; 1; 3]] stabilizercode (which is not GF (4)-linear).
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Graph Codes and Stabilizer Codes (contd.)

\ ( = " Eachstabilizercode over

�

q correspondsto a graphcode (but the graph is not unique).

Example:
The CSScode [[7; 1; 3]] yieldsto non-isomorphic graphs

=) alternativeinteraction graphsfor the encoding
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Fault Tolerant Quantum Computing

seee.g. [Aharonov & Ben-Or, Knill & La
amme, Preskill,Steane]

� encoded operations: map codewords to codewords

� preventspreadingof errors
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local operations transversaloperations

� fault tolerant operationsalsofor error correction
=) requiressupplyof \fresh qubits" and

fault tolerant preparation/testing of states
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Concatenated Codes

Knill et al., Resilient quantum computation 377

h=1
h=2

ª

"

Error  probability

C"2 C3" 4

Figure 7. Concatenation of the seven-bit code. If the error rate is � for the qubits, the encoding
will gives a rate of C2h � 1 � 2h

for the hth level of the hierarchy.

is given by the number of pairs of errors that can occur within the region of in
uence
times the squareof the probabilit y of error at this level. In networks such as those
usedin this work, the number of error locations in the region of in
uence is bounded
by the number of qubits required for the largest gates (here this is the controlled-
NOT, with 14 qubits), times the number of operations a�ecting a qubit before an
error at a given location can be eliminated (here this is estimated as 7 � 6 � 2 + 2,
where7 is (closeto) the averagenumber of operations contributing to a qubit in the
cat state generator, 6 is the number of syndrome bits, 2 is the averagenumber of
attempts to measurethe syndrome and the additional 2 is for the correction step
and the encoded operation). For our network we get 14� 86 = 1204operations, which
yields a probabilit y of error at the next level of lessthan 106p2, which is lessthan p
if p < 10� 6. This is closeto what will be establishedby the more formal arguments
below.

Our analysisconsistsof establishing the error behaviour inductiv ely for each level
of the concatenationhierarchy. To do so we exploit the properties of stabilizer codes
and the quasi-independent error models.We �rst prove the threshold theorem for the
normalizer group and the quasi-independent stochastic error model. We then show
how it can be extendedto the monotone model and to a complete set of operations.

Useful properties of stabilizer codesare:
(i) recovery operations and encoded normalizer operations are implemented using

normalizer operations only;
(ii) the syndrome is completely determined by the standard error operations

applied to the qubits;
(iii) if the errors in di�eren t error locations during fault-tolerant recovery are

instantiated by standard errors and the incoming state's syndromeis given, then the
outgoing state's syndrome is determined;

(iv) standard errors applied to an encoded state whosesyndrome is given induce
a standard error on the encoded state.

Proc. R. Soc. Lond. A (1998)

� many levelsof error correction
=) reductionof the error probability

� (parallel) operationsin eachlevel
=) new errors due to imperfect gates

9
>>>>=

>>>>;

threshold� for the
error probability & gate errors
� � 10� 4{ 10� 3 [Steane02]
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Decoherence Free Subspaces/Subsystems (DFS)

seee.g. [Zanardi & Rasetti 97; Lidar; Knill] and manymore

alsocalled:noiselesssubspaces/subsystems,passiveerror-correction, error-avoidingcodes

Main idea: \Correct errors before they occur"

j i sys

j� i env

-

-

�
j� i sys,env-

-
�3 �3Qs Qs

system

environment

known interaction (Hamiltonian)

decomposition of the interaction algebra A and the Hilbert spaceH

A �=
M

j

�

n j 
 M (dj ;

�

) H �=
M

j

� n j 


� dj

irreduciblecomponentsof dimensiondj and multiplicity nj

=) for dj = 1 existsan decoherencefree subspaceof dimensionnj

(for dj > 1 decoherencefree subsystem)

Problem: requiresnon-trivial symmetryof the interaction
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DFS: Fault Tolerant Operations

operationsin the algebra

A 0 �=
M

j

M (nj ;

�

) 


�

dj

commutewith the interaction algebra

A �=
M

j

�

n j 
 M (dj ;

�

)

=) thoseoperationspreservethe DFS

For somemodels,universalcomputation is possiblebasedon the exchangeHamiltonianor
other two-qubit interactions(seee.g. [Kempe et al. 00, DiVincenzoet al. 00]).

but: entanglinggatesrequirein generalan embedding

DFS
 DFS� gDFS

=) larger gDFS basedon evenmore symmetry
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DFS: Further Aspects

Collective Decoherence
the interaction algebra is invariant underparticle permutations

\the bath cannot distinguishbetweenthe particles"

=) highly symmetricinteraction

Problem: in general,lack of symmetryyieldsmultiplicity nj = 1
=) simulationof an e�ective interaction Hamiltonian:

apply (fast) local operations

Problem: not robust againstgate errors
(e.g. the exchangeinteractionsmust be able to addressindividualparticles)
=) combinationwith active QECC

� usingDFS as single\qudits" for a QECC(e.g. [Lidar et al. 98])

� embeddingan active QECCinto a DFS (e.g. [Plenioet al. 97, Alber et al. 01])
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Jump Codes

(cf. Alber et al., PRL vol. 86, no. 19, pp. 4402{4405,May 7, 2001,quant-ph/0103042)

Quantum jump -
Q

Q
QQs
� �*emissionof e.g. photons

-j0i

j1i

j0i

j1i

E�ective Hamiltonian (no jump, but monitoring)

He� =
nX

� =1

� i~ � j1i � h1j� Ue� (t) =
nY

� =1

exp(� t � j1i � h1j� )

=) decoherencefree subspace(DFS): constantnumber of excitedstatesj1i

additionally: correct errors due to detectedquantum jumps, i. e.,
errors at known positions(classicalsideinformation)
=) \quantum erasurechannel"
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QECC: Possible Directions to Proceed

Higher dimensional subsystems

� individualquantum systemsare not only two-dimensional

� generalizationof stabilizercodes[Rains99, Ashikhmin& Knill 2001]

� for large alphabets, quantum MDS codesexist [Rains99, Schlingemann& Werner01]

Re�ned error models

� �nd systemswherelocal/collectiveerrors are dominant

� useadditionalsideinformation [Grasslet al. 96, Gregoratti & Werner02]

� imposesymmetries[Zanardi 98, Viola et al. 00]

Optimize both QECC & algorithms

� (near) optimal codesfor small systems

� better methods of fault tolerant error correction (e.g. [Steane02])

� robust algorithms (e.g. approximative Fourier transform)
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