Multipartite entanglement distributed with one party holding many resources
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We classify multipartite entangled states in the Hilbert space H = C? ® C> @ C* (n > 4) under
invertible local actions. It is the first systematic study where one of multiparties has more than one
qubits. We show that nine entangled classes constitute the five-graded partially ordered structure
such that a unique maximally entangled class lies on its top, in contrast with the l-qubit cases.
Since noninvertible downward conversions in it give novel quantum communication protocols like
entanglement swapping, we suggest that the line of our work can be useful in looking for their new

prototypes.
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Entanglement is expected to play significant roles in
quantum information processing (QIP). However, the na-
ture of entanglement over multiparties has not been fully
understood yet.

In order to explain our motivation, let us pick up,
for example, entanglement swapping, which is a building
block of quantum communication protocol such as quan-
tum teleportation and quantum repeater. Although the
phenomenon is widely accepted, the complete structure
of entanglement under this situation (4 qubits distributed
over & parties) has not been clarified; which initial state
is powerful enough to create an EPR pair? Or, what kind
of entangled states can be a final state? Moreover, how
do we look for other novel LOCC protocols in general?
Characterizing entanglement distributed with one party
holding many resources, we suggest that the stochastic
LOCC (SLOCC) classification of multipartite entangle-
ment would give insights in answering these questions.

In this paper, (i) we give the complete classification
of multipartite entangled states in the Hilbert space
H =C?> @ C? ® C* under SLOCC. Our study can be seen
as the first example of the SLOCC classification of multi-
partite entanglement where one of multiparties has more
than one qubits. We show that nine classes constitute the
five-graded partially ordered structure of Fig. 2. Remark-
ably, a unique maximally entangled class lies on its top,
in contrast with the I-qubit (I > 3) cases. We also present
a convenient criterion to distinguish these classes by
SLOCC-invariant entanglement measures (omitted here
due to the limitation of the space).

(ii) We illustrate that important LOCC protocols in
QIP are given as noninvertible (downward) flows between
different entangled classes in the partially ordered struc-
ture of Fig. 2. In particular, we show that two EPR pairs
are powerful enough to create any state with certainty in
our situation. Based on these observations, we suggest
that SLOCC classifications can be useful in looking for
new prototypes of novel LOCC protocols.

Let us begin with the setting. We here address the
SLOCC classification of entanglement, which is a coarse-
grained classification under LOCC. Consider the single
copy of a multipartite pure state (precisely, a ray) |¥) on
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In LOCC, we recognize two states |¥) and |¥') which
are interconvertible deterministically, e.g., by local uni-
tary operations, as the equivalent entangled states. On
the other hand in SLOCC, we identify two states |¥)
and |¥') which are interconvertible probabilistically, i.e.,
with a nonvanishing probability, since they are supposed
to perform same tasks in QIP in different success proba-
bilities. Mathematically, |¥) and |¥') belong to the same
SLOCC entangled class if and only if they can convert to
each other by invertible SLOCC operations,

|¥) = My ® - ® M|¥),

where M; is any local operation having a nonzero de-
terminant on the i-th party, i.e., M; € GL(k;,C). It
can be also said that an invertible SLOCC operation is
a completely positive map followed by the postselection
of a successful outcome. After distinguishing inequiv-
alent SLOCC entangled classes, we would characterize

FIG. 1: The onion-like classification of multipartite entangled
classes (SLOCC orbits) in H = C*  C* ® C* (n > 4). There
are nine classes divided by ”onion skins” (the orbit closures).
In the ”bipartite” (AB)-C picture, these classes merge into
four classes, divided by the skins of the green solid line, so
that we can perform LOCC operations more freely.
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FIG. 2: The five-graded partially ordered structure of nine
entangled classes in the 2 x 2 X n (n > 4) case. Every class
is labeled by its representative, its set of local ranks, and its
name. Noninvertible SLOCC operations, indicated by dashed
arrows, degrade higher entangled classes into lower ones.

their relationship (the structure of entanglement) under
noninvertible SLOCC local operations.

Theorem 1 Consider pure states in the Hilbert space
H=CxC?xC" (n > 4), they are divided into nine en-
tangled classes, seen in Fig. 1, under invertible SLOCC
operations. These nine entangled classes constitute five-
graded partially ordered structure of Fig. 2, where non-
invertible SLOCC operations degrade higher entangled
classes into lower entangled ones.

The theorem gives the complete classification of mul-
tipartite pure entangled states in 2 X 2 x n (n > 4) cases.
It naturally contains the classification for the 2 x 2 x 2 (3-
qubit) case and the 2x2x 3 case. We find that SLOCC or-
bits are added outside the onion-like picture (Fig. 1) and
the partially ordered structure (Fig. 2) becomes higher,
as the third party Clare has her larger subsystem. Re-
markably, for the 2 x 2 x n (n > 4) cases, the generic
class is only one "maximally entangled” class located on
the top of the hierarchy. This is a clear contrast with
the situation of the 2 x 2 x 2 and 2 x 2 x 3 cases, where
there are two different entangled classes on its top. It
suggests that, even in the multipartite situation, there
is a unique entangled class which can serve as resources
to create any entangled state, if the Clare’s subsystem
is large enough. Our result not only describes the sit-
uation that only Clare has the abundant resources, but
also would be useful in analyzing entanglement of 2-qubit
mixed states because it can be seen as the 2-qubit system
attached with an environment.

The onion-like SLOCC classification of pure states can
be extended to mixed states. A multipartite mixed state
p can be written as a convex combination of projectors
onto pure states (extremal points),

p= ZPH‘I’z‘(O))(‘I’i(ON, pi > 0,

where |¥;(0)) is the pure state belonging to the SLOCC
entangled class (i.e., the SLOCC orbit) O. Our idea is
to discuss how p needs at least the outer entangled class
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FIG. 3: The SLOCC classification of multipartite mixed
states in the 2 x 2 x n (n > 4) cases. Mixed states in the
class labeled by |¥) are convex combinations of pure states
inside the ”onion skin” of |¥) in Fig. 1. So the outer the class
is, the more kinds of entangled pure states the mixed states
in it need.

O of the onion picture Fig. 1. That is how we classify
mixed states in a SLOCC-invariant, totally ordered way
(of Fig. 3), depending on the different kinds of resources
(multipartite pure entangled states) they contain.

Now, we briefly discuss two characteristics of multipar-
tite entanglement in our situation. (i) Observe that two
EPR pairs, initially prepared over 3 parties in the entan-
glement swapping, are equivalent to the representative of
the generic entangled class,

|2 EPR) = (|00) + [11)) ac, ® (]00) +[11))Bc,
=00(00)) + 101(01)) + [10(10)) + [11(11)) 4BO1-

We can say that the entanglement swapping is a LOCC
protocol creating the isolated (maximal) bipartite entan-
glement between Alice and Bob from generic entangle-
ment. In other words, it is given by a downward (invert-
ible) flow in Fig. 2 form the generic class to the bisep-
arable class Bs. As regards our motivation, we readily
see that any state containing genuine tripartite entangle-
ment (i.e., all its local ranks are greater than 1) is power-
ful enough to create the EPR pair probabilistically. Two
EPR pairs also can create two different kinds of the gen-
uine 3-qubit entanglement, GHZ and W. These LOCC
protocols are given by downward flows from the generic
class to the GHZ and W class, respectively. That is how
we see that important LOCC protocols in QIP are given
as noninvertible (downward) flows in the partially or-
dered structure, such as Fig. 2, of multipartite entangled
classes. So, the SLOCC classification can be expected to
give us an insight in looking for new novel LOCC proto-
cols by means of several entangled states over multipar-
ties.

(i) We can show that two EPR pairs are powerful
enough to create any state with certainty in our 2x 2 xn
cases. Generally, we find that when one of multiparties
holds at least a half of the total Hilbert space, the situ-
ation is somehow analogous to the bipartite cases. The
maximally entangled state, i.e., the representative of the
generic class, can create any state with certainty.
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