Accessibility of physical states and non-uniqueness of entanglement measure
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Ordering physical states is the key to establishing a
unique measure of some physical quantity related to those
states. To achieve ordering, it is important to check ac-
cessibility between two physical states by some physical
process. When there exists an operation that converts
one state to another, these states can be ordered in re-
spect to this particular process. This ordering (together
with a few other natural assumptions) makes it possible
to define a quantity that compares the states. However,
if it is impossible to convert one state into another in
either direction within a given framework, there exists
no coherent way to compare those two states. When all
elements in a given set of physical states can be com-
pletely ordered, i.e., arbitrary two states can be ordered
(total order), we can make at least one consistent mea-
sure that quantifies the set. However, if there exists no
ordering that works globally, i.e., a certain pair of states
cannot be ordered (partial order), then we fail to find a
consistent way to “align” all the states.

One of the most familiar examples in physics that con-
tain incomparable states is in special theory of relativity.
A pair of events in the space-time that include each other
in their light-cone (i.e., time-like interval) is comparable
because one can affect the other by sending some signal.
However, if one is outside of the light-cone of the other
(i.e., space-like interval), then it is impossible to connect
them by any physical operation. Therefore, there exists
no unique way of ordering such two states (for example,
see Chapter 17 of [1]).

On the other hand, the most beautiful and success-
ful application of the theory of ordering physical states
is in thermodynamics, where all equilibrium states are
ordered using a unique measure of entropy. Given two
equilibrium states (A and B), entropy S distinguishes
possible and impossible directions of adiabatic processes
between the two states; If S(A) < S(B) then A can ac-
cess B via an adiabatic process. (If the equality holds, B
can also access A and so the process becomes reversible.)

In order to clarify the structure of thermodynamics and
prove the uniqueness of entropy, Giles developed a rigor-
ous set of mathematical axioms [2]. The crux of Giles’s
approach to thermodynamics is that the existence of the
unique measure of entropy depends heavily on accessi-
bility between different physical states. Axiom 5 in his
formalism, which is in some sense the most nontrivial one

of the axioms, is phrased as follows: If two states A and
B are both accessible from another state C, then A and
B are accessible each other in either direction (or both).
(For other natural axioms and further details of Giles’s
approach, see Refs. [2, 3].)

It has been shown recently that thermodynamics and
theory of quantum entanglement share the same mathe-
matical structure. Adiabatic processes in thermodynam-
ics correspond to manipulations of bipartite entangled
pure states by local operations and classical communi-
cation (LOCC) in the context of quantum information
theory [3]. Thus, entropy gives a unique measure in this
context as well (known as the von Neumann entropy of
entanglement [4, 5]).

Quantum entanglement has been a subject of inten-
sive research because it is a new resource in physics as
well as an indispensable resource in quantum information
processing. As in the case of other physical resources, it
is desirable to find a unique measure of entanglement in
order to exploit it effectively and efficiently. Contrary
to the case of bipartite pure states, a unique measure of
entanglement in mixed states has not been established
yet.

In this work, we prove that, if one is restricted to
LOCC, there exists no unique measure of entanglement
in bipartite mixed states by invoking Giles’s axioms. We
show the non-uniqueness of entanglement measure by
giving a counterexample to Axiom 5.

In particular, we show that once we go into the mixed-
state regime, interconvertibility between arbitrary two
states vanishes even in the asymptotic setting. The rig-
orous definition of interconvertibility here is as follows:
A state p is convertible into a state o if and only if for
every (arbitrarily small) real number e, there exists an
integer ng, and a sequence of LOCC L, such that for
any integer n > ng we have that

I Ln(p®") = 0™ < €, (1)

where p®" = p® p--- ® p represents a tensor product
of n copies of the state p and ||---|| denotes the usual
trace norm distance between two mixed quantum states.
Loosely speaking, one state can be converted into another
if a certain number of copies of the former can arrive at
an arbitrarily good approximation of the same number
of copies of the latter via LOCC in the asymptotic limit.



Intuitively, bipartite mixed states that are most likely
to fail this axiom are bound entangled states [6]. Since
bound entangled states are mixed states from which no
entangled pure state can be distilled, if we take one of
those and a pure entangled state as a pair of possible can-
didates for a counterexample, the first half of the proof
has already been accomplished by definition. So, all we
have to do is to prove the inconvertibility in the opposite
direction.

In order to prove that, we take a particular bound en-
tangled state constructed from an unextendible product
basis (UPB) [7]. Suppose Alice and Bob have three-level
quantum systems (qutrits), respectively. Consider the
following five orthogonal product bases:
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These bases form a UPB, which means that there ex-
ists no product state orthogonal to all of the above five
bases. Consequently, the four-dimensional subspace com-
plementary to this five-dimensional one does not contain
any product states. Therefore, the projection operator
onto this complementary space

5
pa = | (n -3 |wi><wi> 3

turns out to be an entangled state. The important
fact about the state pap is that its entanglement cost
Ec(paB) is positive [8], which is defined as Ec(p) =
limy, 00 Ef(p®™)/n [9], where Ef(p) represents the en-
tanglement of formation of p [10]. Owing to this prop-
erty, one can choose an entangled pure state cap = |¢) (9|
such that

0< EC(UAB) < EC(PAB)« (4)

For simplicity, we choose |¢) to be an entangled states
with Schmidt number two or three, i.e., a 2x2 or 3x3
system. Since the entanglement cost F¢ is an entangle-
ment monotone, i.e., it cannot increase under LOCC, n
copies of oap can never be converted into the same num-
ber of copies of pap even asymptotically. At the same
time note that a maximally entangled state |®3)ap can
access both pap and oo without reducing the number of
copies. Therefore, we found a counterexample that two
states pap and oap are not interconvertible into each
other in spite of the fact that both of them can be ac-
cessed from the same state |®3)ap. According to Giles’s

argument, this immediately results in the nonexistence
of the unique measure of entanglement under LOCC.

We have therefore proven that there is no way to con-
struct the unique measure of entanglement for mixed
states at least under ordinary LOCC. Since there is no
operational way to link incomparable states, there seems
to be no way of assigning “meaningful” amounts of en-
tanglement to them that could determine which state is
more entangled.

The non-uniqueness of entanglement measure in mixed
states could be implicitly expected from the fact that
distillation and formation processes are generally irre-
versible even in the asymptotic limit. However, we gave
a rigorous proof of the non-uniqueness here from a more
general and formal point of view that might be applicable
to a broader range of theoretical physics.

FM appreciates the warmth and hospitality of Op-
tics Section, The Blackett Laboratory, Imperial Col-
lege London. MFS acknowledges the support of CNPq.
VV is supported by European Community, Engineer-
ing and Physical Sciences Research Council, Hewlett-
Packard and Elsag Spa.

* Electronic address: fumiaki@will.brl.ntt.co.jp
 Electronic address: m.santos@ic.ac.uk
i Electronic address: v.vedral@ic.ac.uk

[1] R. P. Feynman, R. B. Leighton, and M. Sands, Feynman
Lectures on Physics, vol. 1 (Addison-Wesley, Reading,
Massachusetts, 1963).

[2] R. Giles, Mathematical Foundations of Thermodynamics
(Pergamon Press, Oxford, 1964).

[3] V. Vedral and E. Kashefi, Phys. Rev. Lett. 89, 037903
(2002), quant-ph/0112137.

[4] C. H. Bennett, H. J. Bernstein, S. Popescu, and
B. Schumacher, Phys. Rev. A 53, 2046 (1996), quant-
ph/9511030.

[5] S. Popescu and D. Rohrlich, Phys. Rev. A 56, R3319
(1997), quant-ph/9610044.

[6] M. Horodecki, P. Horodecki, and R. Horodecki, Phys.
Rev. Lett. 80, 5239 (1998), quant-ph/9801069.

[7] C. H. Bennett, D. P. DiVincenzo, T. Mor, P. W. Shor,
J. A. Smolin, and B. M. Terhal, Phys. Rev. Lett. 82,
5385 (1999), quant-ph/9808030.

[8] G.Vidal and J. I. Cirac, Phys. Rev. Lett. 86, 5803 (2001),
quant-ph/0102036.

[9] P. M. Hayden, M. Horodecki, and B. M. Terhal, J. Phys.
A: Math. Gen. 34, 6891 (2001), quant-ph/0008134.

[10] C. H. Bennett, D. P. DiVincnzo, J. Smolin, and
W. K. Wootters, Phys. Rev. A 54, 3824 (1996), quant-
ph/9604024.



